arXiv:0807.2114v3 



Separability of the massive Dirac's equation in 5-dimensional Myers-Perry black hole 
geometry and its relation to a rank-three Killing- Yano tensor 

Shuang-Qing Wu * 

College of Physical Science and Technology, Central China Normal University, 
Wuhan, Hubei 430079, People's Republic of China 

The Dirac equation for the electron around a five-dimensional rotating black hole with two diff'erent 
angular momenta is separated into purely radial and purely angular equations. The general solution 
is expressed as a superposition of solutions derived from these two decoupled ordinary differential 
equations. By separating variables for the massive Klein-Gordon equation in the same spacetime 
background, I derive a simple and elegant form for the Stackel-Killing tensor, which can be easily 
00 ' written as the square of a rank-three Killing- Yano tensor. I have also explicitly constructed a 

I symmetry operator that commutes with the scalar Laplacian by using the Stackel-Killing tensor, 

. and the one with the Dirac operator by the Killing- Yano tensor admitted by the five-dimensional 

OA ' Myers-Perry metric, respectively. 

D ■ 

■ I. INTRODUCTION 

°°: . n 

I It is well known that the four-dimensional Kerr geometry [![ possesses a lot of miraculous properties that not 
' _i '. only can the geodesic Hamilton- Jacobi equation 0] and the Klein-Gordon scalar field equation [2| be separated and 
^ ' decoupled into purely radial and purely angular parts, but also the massless nonzero-spin field equations [11 as well 
Q^, as the equilibrium equation for a stationary cosmic string Q . These separability properties are shown to be closely 
^ ' connected with the existence of an additional integral of motion associated with the second order symmetric Stackel- 
f~| , Killing tensor discovered in the Kerr metric by Carter 2]. The separation of the variables of Dirac's equation for 
massive fields in the Kerr geometry using the Newman-Penrose formalism however, had only succeeded since 
Chandrasekhar's remarkable work [Gj. Shortly after that, this result was extended by Page and other people 0] to 
^ I the four-dimensional rotating charged Kerr-Newman black hole background, 
■r^lj- ' As has been remarked by Chandrasekhar (sj , the most striking feature of the Kerr metric is the separability of all the 
T-H , standard wave equations in it. For some of these equations, their separability has been understood as a consequence 
of the existence of certain tensor fields, which have been found to be associated with a Killing spinor. Walker and 
Penrose demonstrated that the Carter's fourth constant can be constructed out of the Weyl spinor. Subsequently, 
f — ' the separability of Dirac's equation has been explained by Carter and McLenaghan [13] in terms of the existence 
of a Killing- Yano tensor, whose spinorial image is a two-index Killing spinor. Physically, Killing- Yano tensors and 
operators constructed from them have been associated with angular momentum. It has also been shown by a lot 
of people [T]| that Killing- Yano tensors and the Killing spinor play a crucial role in separation of variables for the 
Maxwell's equation (s — 1), Rarita-Schwinger's equation (s — 3/2), and the gravitational perturbation equation in 
the Kerr geometry. The separation of various equations can be understood in terms of different order differential 
^ . , operators that characterized the separation constants appeared in the separable solutions. The differential operators 
' characterizing separation constants are also symmetry operators of the various field equations in question. The 
essential property that allows the construction of such operators is the existence of a Killing- Yano tensor in the Kerr 
spacetime. These results have been shown to hold for more general classes of type-D vacuum metrics; see Ref. [l3| 
for a comprehensive review. 

In recent years^higher-dimensional generalizations of the Kerr black hole and their properties have attracted consid- 
erable attention in particular, in the context of string theory, with the discovery of the anti-de Sitter/conformal 
field theory (AdS/CFT) correspondence, and with the advent of brane- world theories [l^, raising the possibility 
of direct observation of Hawking radiation and of as probes of large spatial extra dimensions in future high energy 
colliders [l6j . In the brane- world scenarios, our physical world is represented by a four-dimensional brane embedded 
in the higher-dimensional bulk spacetime. Brane- world models of spacetimes with large extra dimensions allow for the 
existence of higher-dimensional black holes whose geometry can be approximately described by the classical solutions 
of vacuum Einstein equation, thus predicting the possibility of mini-black hole production in a high energy factory. 
The metrics describing the isolated rotating black holes in higher dimensions were first constructed by Myers and 
Perry [l7| as the asymptotically flat generalizations of the well-known four-dimensional Kerr vacuum solution. By 
introducing a nonzero cosmological constant. Hawking, et al. [isj obtained the asymptotically nonflat generalizations 
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in five dimensions with two independent angular momenta and in higher dimensions with just one nonzero angular 
momentum parameter. Further vacuum generalizations to all dimensions have been made recently in 19|. Quite re- 
cently, an exact charged generalization of the Kerr- Newman solution in five dimensions was obtained in 20| within the 
framework of minimally gauged supergravity theory. Other rotating charged black hole solutions in five-dimensional 
gauged and ungauged supergravity were also obtained in [2l|, [H, |23, HI] . 

It is generally accepted that symmetries play a key role in the study of phy sical effects in the gravitational fields 
of black holes. Initiated by the work of Frolov and his collaborators (se e |25| for a review and references therein), 
recently there has been a resurgence of interest [H, [l^, [H, [1^ [13, HH, IH, l33l. |34 [bsI . [sgI [37j in the study of "hidden" 
symmetry and separation of variables properties of the Klein-Gordon scalar equation, the Hamilton-Jacobi equation, 
and stationary strings [ss'l in higher dimensions [39j . Remarkably, it was shown that the five-dimensional Myers-Perry 
[r^ metric possesses a number of miraculous properties similar to the Kerr metric. Namely, it allows the separation 
of variables in the geodesic Hamilton-Jacobi equation and the separability of the massless Klein-Gordon scalar field 
equation ua|. These properties are also intimately connected with the existence of the second order Stackel-Killing 
tensor [26| admitted by the five-dimensional Myers-Perry black hole geometry. It was further demonstrated that 
this rank- two Stackel-Killing tensor can be constructed from its "square root" , a rank-three Killing- Yano tensor [23] • 
Following the procedure of Carter's construction [i^ in four dimensions, Frolov et al. [13] started from a potential 
1-form to generate a rank-two conformal Killing- Yano tensor [41|. whose Hodge dual is just the expected Killing- Yano 
tensor. Subsequently, these results have further been extended |27l. [ssl . [sgI . [37| to general higher-dimensional rotating 
black hole solutions with NUT charges [l9| . 

However, less is known about the separability of Dirac's equation and other higher-spin fields and its relation to 
the Killing- Yano tensor in higher dimensions f43, IS]. Therefore it is important to investigate the separability of 
the fermion field equation and its relation to the Killing- Yano tensor in higher-dimensional rotating black holes. In 
this paper, I will report my past unpublished work (done in the October of 2004) on the separation of variables for 
a massive Dirac equation in five-dimensional rotating Myers-Perry black holes with two unequal angular momenta 
[i3 ]. I will also present my recent construction of an explicit symmetry operator that commutes with the standard 
Dirac operator, making use of the rank-three Killing- Yano tensor which can be viewed as the square root of a rank- 
two symmetric Stackel-Killing tensor. In addition, the separated parts of a massive Klein-Gordon equation in the 
five-dimensional Myers-Perry background are used to construct a simple and elegant expression of the Stackel-Killing 
tensor. Note that these symmetry operators are directly constructed from the separated solutions of the Klein-Gordon 
equation and Dirac's equation in the background geometry considered here. 

The outline of this paper goes as follows. In Sec. [Til the action of the five-dimensional gravity and fermions is 
given and the fiinfbcin form of Dirac's equation is formulated. Using Clifford algebra and the spinor representation of 
SO (4,1), I construct the spinor connection 1-form which is necessary for the fermion field equation in curved spacetime. 
Sec. mil is devoted to dealing with the separation of variables of Dirac's equation in a five-dimensional Myers-Perry 
black hole geometry. This section consists of three subsections. In Sec. Illl Al a new form of the five-dimensional 
Myers-Perry metric is expressed in the Boyer-Lindquist coordinate which admits an explicit construction of local 
orthonormal coframe 1-forms (pentad) . A brief review of the relevant symmetry properties of the Myers-Perry metric 
is also presented. In Sec. IIII Bl the spinor connection is obtained by making use of the homomorphism between the 
S0(4,l) group and its spinor representation which is derived from the Clifford algebra defined by the anticommutation 
relations of the gamma matrices. In Sec. IIII CI the massive Dirac equation in five-dimensional Myers-Perry black 
hole is separated into purely radial and purely angular equations. Sec. IIVI is also divided into three parts. In this 
section, the separated solutions of a massive Klein-Gordon equation is used to construct a concise expression for the 
Stackel-Killing tensor. From the separated part of Dirac's equation, I also explicitly construct a first order symmetry 
operator that commutes with the Dirac operator by using the rank-three Killing- Yano tensor. The last section IVl is 
a brief summary of this paper and the related work under preparation. Possible applications of this work to further 
research are given here. In Appendix A, the affine spin-connection 1-forms are calculated by the first Cartan structure 
equation from the exterior differential of the pentad. Appendix B displays the five-dimensional Myers-Perry metric 
in a manner similar to the Plebanski solution [44] in four dimensions. 



II. FUNFBEIN FORMALISM OF DIRAC FIELD EQUATION IN 5-DIMENSIONAL CURVED SPACE 

It is well known that there exist two different but equivalent formalisms for the four-dimensional gravity, namely, 
the orthonormal tetrad formalism [isj and the null-tetrad (Newman-Penrose) formalism [^. Dirac's equation in four 
dimensions was reformulated within the Newman-Penrose formalism first by Chandrasekhar [^ and then extended 
to the charged case by Pagej3- To my knowledge, a higher-dimensional generalization of the Newman-Penrose 
formalism was established in [Ig. [47j. but no similar work was given for the Dirac equation, subject to the purpose 
here. In absence of a similar Newman-Penrose formalism in five-dimensions, in this paper I will work out the Dirac 
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equation within the orthonormal pentad formahsm [48j . In a forthcoming paper |49| , a seminuU pentad formahsm of 
the Dirac equation was constructed in the five-dimensional relativity similar to the famous work of Chandrasekhar's 
. The Dirac equation has been shown to be decoupled into purely radial and purely angular parts which agree with 
the results presented here. 

In curved background spacetime, the action of the five-dimension gravity and fermions is given by 



S = I d^a 



+ i^jj^e^id^ + r,,)?A + ifie^] , (1) 

where TZ is the five-dimensional curvature scalar of the metric g^jy, ip is a four-component Dirac spinor, /ig is the 
mass of the electron, is the spinor connection, is the fiinfbein (pentad), and 7"*'s are the five-dimensional 
gamma matrices. My conventions are as follows: Latin letters A, B denote local orthonormal (Lorentz) frame indices 
{0, 1, 2, 3, 5}, while Greek letters /x, v run over five-dimensional spacetime coordinate indices {t, r, 6, (j), -0}. Units are 
used asG = h= c= l throughout this paper. 

The Dirac equation can be deduced from the action ([T]) by variation with respect to the spinor field as 

{Md + Aie)* = [7^eX(9^ + r^) + Mej^- = , (2) 

where the fiinfbein and its inverse e"^ are defined by the spacetime metric gf^^, — 77^36^6^ with tjab = 
diag{—l, 1,1,1,1) being the flat (Lorentz) metric tensor. For my purpose in this paper, I choose gamma matrices 7"^ 
obeying the anticommutation relations (Clifford algebra) 

{7^7^}-7V+7V = 2^^^ (3) 

and take an explicit representation of the Clifford algebra as follows: 

0/\ i_.f 2_f 3_.f 5_//0 



7" = z 



(/o)' ^=i-a^0)^ ^-i-a^o)^ ^-i-a^o)^ ^ = ( -/ ) ' 



where (t"s are the Pauli matrices, and / is a 2 x 2 identity matrix, respectively. 

In order to derive the spinor connection 1-form F = T^dx^ = F^e"*, I first compute the spin-connection 1-form 
UJAB = ^ABfj.dx'^ = fABcs'~^ in the orthonormal frame, i.e., the 1-form (pentad) — e^^dx^ satisfying the torsion- free 
condition 

de^ + cj-^ A = , loab = VAC^^ = -^^ba ■ (5) 

To obtain the spinor connection 1-form F from loab, I can make use of the homomorphism between the S0(4,l) group 
and its spinor representation which is derived from the Clifford algebra The S0(4,l) Lie algebra is defined by the 
ten antisymmetric generators E"^^ = [7^,7^]/(2z) which gives the spinor representation, and the spinor connection 
F can be regarded as a S0(4,l) Lie-algebra-valued 1-form. Using the isomorphism between the S0(4,l) Lie algebra 
and its spinor representation, i.e., F^ = {i/4)Y,^^uuAB^l, — (1/4)7"^7^wab/^, I can immediately construct the spinor 
connection 1-form 

T ^ [ A B^ ^ A B ^ A B r C fa\ 

r = g [7 >7 \^AB = ^7 7 ^^AB = ^7 7 jABce ■ (6) 

Now in terms of the local differential operator Oa = eX^M' the Dirac equation ^ can be rewritten in the local Lorentz 
frame as 

[J^{^A + rA) + ^ie]■^ = o, (7) 

where F^ — e^F^ — {l/4:)'y^'y'~^ Jbca is the component of the spinor connection in the local Lorentz frame. Note that 
the five-dimensional Clifford algebra has two different but reducible representations (they can differ by the multiplier 
of a 7^ matrix). It is usually assumed that fermion fields are in a reducible representation of the Clifford algebra. In 
other words, one can work with the Dirac equation in a four-component spinor formalism like in the four-dimensional 
case, and just needs to take the 7^ matrix as the fifth basis vector component. 



III. DIRAC FIELD EQUATION IN 5-DIMENSIONAL MYERS-PERRY BLACK HOLE 

In this section, I will present a new form for the five-dimensional Myers-Perry metric in the Boyer-Lindquist 
coordinates. One major advantage of these coordinates is that it allows us to construct a local orthonormal pentad 
with which the Dirac equation can be decoupled into purely radial and purely angular parts. 
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A. Metric of a 5-dimensional Myers-Perry black hole 

The metric of a five-dimensional rotating black hole with two independent angular momenta was first obtained 
by Myers and Perry in 1986. The solution with a negative cosmological constant was given by Hawking et al. 
[18| in 1999. The line element of the Myers-Perry metric can be recast into an elegant form in the Boyer-Lindquist 
coordinates as 



^ j-i -2 
i at — o. SI r 



B 



= -^{dt-a sin^ edcp - b cos^ Od^pY + —dr^ + Y.de^ 



_^sin^0COs2^ ^^^2 _ ^2)^^ ^ (^2 ^ ^2)^^^ _ (^2 ^ ^2)^^^] 2 



sm 



+ (r^ +6^)acos2 6ldV]^ 



(8) 



where 



Ar = (r^ +a^)ir^ +b^)/r^ -2M , E = + p = V a"^ cos^ 61-1-62 gj^s . 

g = rSsin0cos0, and the contra-invariant metric tensor can be 



The metric determinant for this spacetime is 
read accordingly from 



(r^+a2)2(^2^52)2 



sin^ 6 cos^ ( 



p2S 



dt 



a 



b 



b \2 Ar 1 



62 



sm 



COS"" 



-I- 



2 



(a69f + 690 + ad^ 



(9) 



The Myers-Perry metric ([5]) possesses three Killing vectors {dt, d^, and 9^), In addition, it also admits a rank- 
two symmetric Stackel-Killing tensor [26], which can be written as the square of a rank-three Killing- Yano tensor 
[27j . The existence of such tensors ensures the separation of variables in the geodesic Hamilton- Jacobi equation 
and the separability of the massless Klein-Gordon scalar field equation [26j. In this paper, it will be shown that 
the separability of Dirac's equation in this spacetime background is also closely associated with the existence of the 
rank-three Killing- Yano tensor. 

The spacetime metric (|8]) is of Petrov type-D [Uls^. It possesses a pair of real principal null vectors {1, n}, a pair 
of complex principal null vectors {m,rn}, and one real, spatial-like unit vector k. Similar to the four-dimensional 
Kerr black hole case, they can be constructed to be of Kinnersley-type as follows: 



(r^ +a^)(r^ +6^) 

r2A,. 
(r2+a2)(r2+62) 



(a 



62 



2r2E 



dt 



1 



\/2(r -t- ip) 
1 



+ i- 



+ a 

sm W cos 



^2+^2 



2S 



dg - l- 



P 

. sin 6 cos t 



(a' - b')dt + 



sm 



\/2(r — ip) 

'abdt + bdtj, + ad^) 



P 



(a2 - b^)dt + - 



rp 



These vectors are geodesic and satisfy the following orthogonal relations 

k^k^ = 1 , 



l^n^ = -1 



m^m^ = 1 



cos 
6 



cos2 9 



2 0^^ 

d,i, 



(10) 



(11) 



and all others are zero. 

Here I briefly sketch the construction of a seminull pentad formalism in five dimensions, analogous to the four- 
dimensional Newman-Penrose null-tetrad formalism. For the Myers-Perry black hole ^ which has a topology of 
sphere, a most convenient seminull pentad should endow it with a pair of real principal null vectors, a pair of 
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complex principal null vectors, and a real unit vector, which obey the above orthogonal relations (jlip . In terms of 
these vectors, the metric can be written as 

I shall refer to this seminull pentad formalism as the 221 formalism. In a forthcoming paper [i^, the Dirac equation 
has been reformulated within this seminull pentad formalism and can be decoupled into purely radial and purely 
angular parts in the fivc-dimensional Myers-Perry black hole geometry 

On the other hand, for black ring solutions whose horizon topology is x S^, the most suitable seminull pentad 
formalism should possess a real, timelike unit vector k and two pairs of complex principal null vectors {mi, mi} and 
{m2,rn2}, satisfying the orthonormal relations: k^k^ = m^mi^ — m2m2^i — 1- Working within such a 122 
formalism, the metric tensor can be written as g^^i, = — k^jk^ + mi^miiy + mi^mii/ + m2;^m2iy + m2^im2,y. 



B. Construction of covariant spinor differential operator 



In the local Lorentz form of Dirac's equation, I need to find the local differential operator Oa — e^9p and the 
spinor connection Ta — e^T^ subject to the Myers-Perry metric ([8]). The orthonormal basis 1-vectors Oa dual to the 
pentad constructed in the Appendix Eq. (|Aip are 



do 



(0. 



r2 + 62 



di 
d3 



sin 9 cos ( 



o,,n^ fl ^ COS^ 



sm 



^5 = — [abdt + bd^ + ad^) 
rp ' 



(13) 



Taking use of the local Lorentz frame component T a and the gamma matrices with relation = —i^'^^^^'^^^, I 
get the composite expression 



1 



1 /a;/ a; , 



1 



S V4Ar 2r 2E/ 
[a? — b'^)r sin 9 cos 9 q 1 



1 



1^1^ (a^ ~b^)sa\9cosl 

-cot 9 tan 9 - 

2 2 2S 



„0. 1„,5 



P\/A 



ab 



2E3/2 



P 



J /a7/ AJ. 1 r - ijTf^ 



S V4Ar 2r 2T. 
(a2 - 62) sin 61 cos 61 



1 



2Ep 



iab 

2j.2p2 



- cot 9 tan 9 

2 2 



7^7^ (r + ipj^) 



(14) 



where a prime denotes the partial differential with respect to the coordinates r and 9. 
Combining this formula with the spinor differential operator 



7 9a = 7 



(r2 + a2)(r2 + 62) 



7'^ + a'^ 



62 



+7' 



, sm f cos ( 



pV^ 



[a^ ~ b')dt + 



sm 



cos^ 



- ^^^{abdt + 6(90 -I- a9^) 



(15) 
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I find that the covariant Dirac differential operator in the local Lorentz frame is 

b 



a: 



1 r — ip7" 



1 



-7 



(a" — fo-^) sin cos ( 



2^7 



2S V ■ ' 

, sin cos " 

-7' 



dg + ^ cot ^ ~ ^ tan 
sm 



cos 



(16) 



C. Separation of variables in Dirac equation 

With the above preparation in hand, I am now ready to decouple the Dirac equation. Substituting the above spinor 
differential operator into Eq. ([7]) , the Dirac equation in the five-dimensional Myers-Perry metric reads 



,{r^ + a'^){r^ + b^) 



(a 



r.2 I „2 "'I' 



62 



21] 



1 



1.1. (a^ -62) sin 6* cos 6* 

+ :r cot 61 - - tan6l - ^ ^ 17^ r - 1^7^ 

2 2 22jP 



sin 9 cos 



(a^ - 62)9^ + -T^d^ + 7^ — (a6at -I- bd^ + ad^) 

sm 9 cos^9 rp^ ' 



^^^fl^{r^ipi^) +Me = 0. 



(17) 



Multiplying (r — ip^^)\/r -f ip^^ — ^S(r — ip7^) by the left to the above equation, and after some lengthy algebra 
manipulations I finally obtain 



o(H+a2)(H+62) 
^ r2^/A: 



sin cos 



-h7^(9e + -cot6i- -tan6i) + 7^ 



P 



{a' - b')dt + 



sm 



cos 



+ - ^^{abdt + bd4, + ad^) + "^(^ + 4- /ie(r - ip7^) \{^/VTip^-^) = 0. 



(18) 



At this stage, I assume that the spin-1/2 fcrmion fields are in a reducible representation of the Clifford algebra, 
which can be taken as a four-component Dirac spinor. Applying the explicit representation (|4]) for the gamma matrices 
and adopting the following ansatz for the separation of variables 



/ R2{r)SM 
Ri{r)S2{e) 
Ri{r)Si{e) J ' 
V R2{r)S2{e) 



(19) 



I find that the Dirac equation in the five-dimensional Myers-Perry metric can be decoupled into the purely radial 
parts 



AT— „ [r^ + a^){r^ + b ) f ma 
' IXrDr — i — —. — I w — 



kb 



■2 . „2\('2 , u2\ 



r2 + r"^ -\- b"^ 



'K^Dr + i- — ^ — - I UJ 



kb 



Ri = 
R2 = 



A + i/ier ^ (abuj — mb — ka) R2 , (20) 

A — if-ieT — ^— J + - [abuj — mb — ka^ Ri , (21) 
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and the purely angular parts 

r sin 9 cos " 
{Lb + 



P 

sin 9 cos 9 r 



P 



ma 



kb 



sm y cos^ ( 
ma kb 



\Si ~ A + UeP + ^ — (abuj — mb — ka) 
J L 2p^ p ^ ' 

}5'2 = 



sm 



cos^ 



5, 



(22) 



A + — — r H — (abw — mb — ka) Si , (23) 
zp-' p^ ' i 



in which I have introduced two operators 



£•^=3^ + ^ + ^, Lg=dg + ^cot9-^t&n9. 

Now the separated radial equation and the angular equation can be reduced into a master equation containing only 
one component. For the radial part, I write them explicitly as 



{abuj — mb — ka)^ 



ir'+a'fir'+b^) 
r^Ar 



kb 



r-2 +62 



+ 2/ie(a6cj — mb — ka) — fi^r"^ — A^ + A-^- 



2l2 



a'h 



A + 2i^er + a6/(2r2) 



4r'' Xr + ifieT^ — ab/ (2r) — i(^abu} — mb — ka) ^ ^ 

— iab/r^ + [abui — mb — ka) /r n (r2 + a2)(r^ + b"^) 



2i . a; 

7+^2t 



Xr + i^e'T'^ — ab/{2r) — i(abu) — mb — ka) 



UJ - 



kb 



and 



r2 + 52. 



^rDr {r^/A'rDrR2 

{abuj — mb — ka)'^ 



\ 2i [ 

(27-2 + + 6^)w -ma- kb 

/ r I 



(24) 



(r2 + a2)2(r2 + 52)2 / ma 



kb 



+ a 



&2, 



+ 2^e{abL0 — mb — ka) — ji^r^ — A^ + A 



ab 



A-2i^er + a6/(2r2) 



-ArDr - 



4r* Xr — iner^ — ab/{2r) + ii^abuj — mb — ka) 

fieT + iab/r^ + [abuj — mb — ka) /r i (r2 + a2)(r2 + b'^) 



2i .A[_ 

r ^*2Ar 



Xr — i/^e^^ ~ ab/{2r) + iiabuo — mb — ka) 



kb 



62 



2i 
r 



(2r2 +a^ + b'^)uj - ma - kb 



>R2 = 0. 



(25) 



From the above decoupled master equations, it is easy to see that they are more complicated than the four-dimensional 
case derived by Chandrasekhar [2|. As for the exact solution to these equations, I expect they can be recast into the 
confluent form of Heun equation 5^1 • 

The case occurs similarly for the angular parts if I adopt p = \J d? cos2 9 + b'^ sin^ 9 rather than 9 itself as a variable. 
Moreover, the angular part can be transformed into the radial part if I make the replacement p = ir in the case 
M = 0. 



IV. CONSTRUCTION OF SYMMETRY OPERATORS IN TERMS OF STACKEL-KILLING AND 

KILLING- YANO TENSORS 

In the last section, I have explicitly shown that Dirac's equation is separable in the five-dimensional Myers-Perry 
black hole spacetime. In this section, I will demonstrate that this separability is intimately related to the very 
existence of a rank-three Killing- Yano tensor admitted by the Myers-Perry metric. Specifically speaking, I will 
construct a symmetry operator that commutes with the scalar Laplacian by using the Stackel-Killing tensor, and 
another one that commutes with the Dirac operator by the Killing- Yano tensor. These symmetry operators are 
directly constructed from the separated solutions of the Klein-Gordon equation and Dirac's equation. 
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A. Stackel-Killing tensor from the separated solution of the Klein-Gordon equation 



In this subsection, I will present a simple and elegant form for the Stackel-Killing tensor, which can be easily written 
as the square of a rank-three Killing- Yano tensor. This symmetric tensor is constructed from the separated solution 
of the Klein-Gordon scalar field equation in the five-dimensional Myers-Perry metric. 

To begin with, let us consider a massive Klein-Gordon scalar field equation 



1 



(26) 



together with the ansatz $ = R{r)S{9)e^'^"^'^^^^ In the background spacetime metric ([H]), the massive scalar field 
equation reads 



sin^ cos^ I 



(a, 



j,2 ^2 
b 



\2 I I 

di> + -^dr (rArdr) + . -I 

J rYi ' Esmt'cost' 



)(sir 



cos^ Q 



1 



+ ^{ahdt^hd^ + adi) -^2U = o. (27) 



Apparently, it can be separated into a radial part and an angular part. 



(r2+a2)2(^2_^^2)2 



kh 



1 2 

- — {ahuj — mb — kaj — iIqT'^ ~ 



sm C/ cos ( 



sin6'cos Qd, 



.s) - {51^ 



2^C0S2( 



}i?(. 

(a2 - b^)u; 



62. 

0, 



sm 



-—^riabuj ~ mb — kc 
p2. 



2 2 \2 



kb 



which can be transformed into the confluent form of Heun equation |28l . |52| | . 

Now from the separated Eqs. and I can construct a new dual field equation as follows: 



(28) 



(29) 



,{r^ +aYir^ +bY 



r4A,S 



7'^ + a- 



sin^ 9 cos^ ( 



[a" - b^)dt + 



J.2 _|_ 52 

b 



sm 



cos' 



rE ^ ^ E sin 6 cos 6 

p — r 



2 2 



■{abdt + bd^ + ad^Y - U = , 



(30) 



from which I can extract a second order symmetric tensor — the so-called Stackel-Killing tensor 



-P TtH^ ( dt 



r4A,.S 



b „ \ 2 2^r ^2 



, sin^ 9 cos^ I 
r 



(a^ - b^)dt + 



sm 



J.2 ^ Jj2 



COS^ 



9 ? 

H [abdt 



a9^,)' 



This symmetric tensor K^y — K^^ obeys the equation 
and is equivalent to the one found in [26l. [27|. up to an ignorable constant. 



(31) 



(32) 



"2 -2 ^2 ^2y Using 

the Stackel-Killing tensor, the above dual equation can be written in a coordinate-independent form 



In the local Lorentz coframe (|AI[) . it has a simple, diagonal form Kab = diag{—p^,p^,—r'',~r'',p'' 



(K - A2)$ = -^df,{y/^K^"'dy^) - A2$ = . 



(33) 



It is obvious that the operator K commutes with the scalar Laplacian □. Working out the commutator [K, □] = 
yields the Killing equation (|32p and the integrability condition for the Stackel-Killing tensor. These two operators have 
a classical analogue. In classical mechanics, the scalar Laplacian □ corresponds to the Hamiltonian g^^x^x^ , while 
the operator K to the Carter's constant X^j^i^'i'^. They are two integrals of motion in addition to three constants 
from the Killing vector fields 9f, 9^, and d^. 
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B. Killing- Yano potential, (conformal) Killing- Yano tensor, and Stackel-Killing tensor 

Before constructing a first order symmetry operator that commutes with the Dirac operator, I first give a brief 
review on the recent work [l^, [s^ [S] about the construction of the Stackel-Kilhng tensor from the (conformal) 
Kilhng-Yano tensor. 

Penrose and Floyd [H^ discovered that the Stackel-Killing tensor for the four-dimensional Kerr metric can be written 
in the form = /^p/^'', where the skew-symmetric tensor /^^ — —fv^i is the Killing- Yano tensor [sl,!!!,!!^ obeying 
the equation f^^u-p + Ipp-.u — 0. Using this object, Carter and McLenaghan constructed a first order symmetry 
operator that commutes with the massive Dirac operator. In the case of a four-dimensional Kerr black hole (D = 4), 
the Killing- Yano tensor / is of the rank two, its Hodge dual k = — */ is a rank-two, antisymmetric, conformal 
Killing- Yano tensor |4l| obeying the equation 

fca/3;7 + fca7;/3 = (.9a/3A:'!,.^ + Qick'^p.^ - 2gpjk''^.^) . (34) 

This equation can be equivalently rewritten in the form proposed by Penrose [STj 

Va!3j = kal3-n + \ ^ (5/37^^a;M " d-fy-k^p-p) = ^ ■ (35) 

A conformal Killing- Yano tensor k is dual to the Killing- Yano tensor if and only if it is closed dk = 0. This fact 
implies that there exists a potential 1-form b so that k = db. Carter [iol] is the first one who found this potential to 
generate the Killing- Yano tensor for the Kerr-Newman black hole. 

Recently, these results have further been extended [13, IH, [H, [s^l to general higher-dimensional rotating black hole 
solutions. In the case of D = 5 dimensions, it was demonstrated [l^l that the rank-two Stackel-Killing tensor can 
be constructed from its "square root", a rank-three, totally antisymmetric Killing- Yano tensor. Following Carter's 
procedure [131 , Frolov et al. [27] found a potential 1-form to generate a rank-two conformal Killing- Yano tensor [4l| , 
whose Hodge dual / = *fc is a rank-three Killing- Yano tensor. 

Now restricting ourselves to the five-dimensional Myers-Perry metric, it is easy to check that the following object 
constructed from the rank-three Killing- Yano tensor 

= -^^«,3/."^ (36) 



is just the rank-two, Stackel-Killing tensor given in Eq. (I3T|) . The rank-three Killing- Yano tensor / obeying the 
equation 

fal3fj.;iy + /a/3i/;Ai = , (37) 

can be taken as the Hodge dual f — *k the 2-form k = db via the following definition: 

/q/37 = {*k)af3i = -^V^^^aPipuk'^'' ■ (38) 

The Killing- Yano potential found for the fivc-dimensional Myers-Perry metric is [l^] 

26 = ( - + cos^ O + b^ sin^ 6)dt + (r^ + a^)asin^ Odcj} + (r^ + b^)b cos^ 0dip , (39) 

from which a conformal Killing- Yano tensor can be constructed 

k = db = r e° Ae^ +p Ae^ . (40) 

Adopting the convention gOi^ss _ _ —£01235 for the totally antisymmetric tensor density eabcde, I find that the 
Killing- Yano tensor is given by 

f ^*k ^ {-p e° Ae^ +r Ae^) Ae^ . (41) 
In what follows, I shall show that this rank-three Killing- Yano tensor and its exterior differential 

W = df ^ -4— e° A A A -I- 4-^ '— e° A A A -|- 4W — A A A e^ (42) 

rp pVS V S 



play a central role in constructing a first order symmetry operator that commutes with the Dirac operator. 
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C. Killing- Yano tensor from the separated solution of the Dirac equation 



The last task is to construct a first order symmetry operator that commutes with the Dirac operator, parallel 
to the work done by Carter and McLenaghan in the case of a four-dimensional Kerr black hole. I proceed to 
construct such an operator from the separated solutions (j20ll23p of the Dirac equation. After some tedious algebra 
manipulations, I find that the following equation: 



+7 (-0- 



4Ar 2r 
sm f cos 



~, 2 ""J^ + 2 I ^2 ^V' 



P 



{a^ -b^)dt + — —dJ +J^r(de + -cot0-- t&n0 

sm u cos [7-1 \ z Z ■ 



(43) 



is a dual one to the Dirac equation (fT8|l . Expanding it, I get 



4A, 2r 2S 
sin 6 cos 6 



+ 7 



de + ^ cot ( 



1 

tan ( 



+ 1 P 



2Va;:s 



sm 



(a^ - 6^) sin cos 6' .= , 



2Y.P 
iab 



ij^Y^r + i-f''p) — (abdt + + + — + 7' A - — + — = 



rp 



2rp 



ab ab 



2r2 2p2 



(44) 



I do not hope 7^ A appears in the above equation, therefore I can multiply it the 7^ matrix by the left so as to rewrite 



it as 



I'l'pXl^id; 



A' 



+7^7 (-0 



1 

4A^ ^ 2^ 
sin 9 cos " 



r — ip^" 
2S 



5 1 (r2+a2)(r2+62) 
+ ^1P- TTT^ 



pV^ 



+ 7^7^r 



1 



ia'-b')d, + -^d,--^d.^ 
sm 9 cos^ a 



(a^ — 6^) sin(?cos( 



H — cot 9 tan 9 — — ij^{r ~ «P7^) 

2'Ep 



= 0, 



62 



(45) 



which can be put into an operator form 



(Mf + A) * = . 



(46) 



My final aim is to find the explicit expression for this symmetry operator Mf. The process to construct such an 
operator is more involved than the one to treat with the Dirac operator Mo — 7'^V^ = 7'^(9p + F^). However, the 
final result is extremely simple. 



(47) 



Using the definition W^vpa — —ffivp-a + fupa-i^i — fp(jp,;v + fap-v-.p and the property of gamma matrices as well as 
fpu p = 0; I can also write the above operator in another form 



E/ = -^7V/;./Vp + 17'^7''7V/m.p;. . 



(48) 
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The symmetry operator H/ constructed here has a lot of correspondences in different contexts. It is the five- 
dimensional analogue to the nonstandard Dirac operator discovered by Carter and McLenaghan [13] for the four- 
dimcnsional Kerr metric, which generates generalized angular momentum quantum number. This operator corre- 
sponds to the nongeneric supersymmetric generator in pseudoclassical mechanics [ssj . Moreover, the 2-form field 
Lfj,v = f^iupx'' is parallel-propagated along the geodesic with a cotangent vector , whose square is just the Carter's 
constant -(1/2)L^^L'"' = if^^.i'^i'". 

The existence of a rank-three Killing- Yano tensor is enough to explain the separability of the Dirac equation in 
the five-dimensional Myers-Perry vacuum background. The operator commutes with the standard Dirac operator 
He. Expanding the commutation relation [HjjjH/] ~ yields the Killing- Yano equation ((37)) and the integrability 
condition for the rank-three Killing- Yano tensor /. 

V. CONCLUDING REMARKS 

In this paper, I have investigated the separability of the Dirac equation in the five-dimensional Myers-Perry metric 
and its relation to a rank-three Killing- Yano tensor. First, the field equation for Dirac fermions in five-dimensional 
relativity is formulated in a fiinfbein formalism. The spinor connection is constructed by the method of the Clifford 
algebra and its derived Lie algebra S0(4,l). Second, an orthonormal pentad has been established for the Myers-Perry 
metric so that one can easily deal with the Dirac equation in this background geometry. It is obviously shown that 
Dirac's equation in the Myers-Perry metric can be separated into purely radial and purely angular parts. Finally, 
from the separated solutions of the massive Klein-Gordon equation and Dirac's equation, I have constructed two 
symmetry operators that commute with the scalar Laplacian and the Dirac operator, respectively. A simple form for 
the Stackel-Killing tensor was given so that it can be easily understood as the square of a rank-three Killing- Yano 
tensor. 

A comparison with the previously published work (4^.l43j is made here. First, my work covers the partial work done 
in [i^l about the separation of variables of Dirac's equation in the Myers-Perry black hole with two equal-magnitude 
angular momenta. In [i^, Dirac's equation was separated in general higher-dimensional rotating Kerr-AdS-NUT 
black hole background. However, because the role of angular momenta becomes less obvious, it seems difficult to 
directly apply that work to study various properties of the Dirac field. What is more, symmetry operators that 
(anti-) commute with the Dirac operator have not been found there. Although my work can serve as a special case of 
that work and is announced later than it, the results presented in this paper can be directly applied to study various 
aspects [s^ of fermion fields, for example. Hawking radiation 60], emission rates [6l| , quasinormal modes, instability 
[62| . etc. On the other hand, a nonstandard Dirac operator has been explicitly constructed here. In addition, the 
representation of gamma matrices adopted in this paper is different from that used in [43j . 

In a subsequent work [49^], I have constructed a seminuU pentad formalism of the Dirac equation in the five- 
dimensional relativity similar to the widely used null-tetrad formalism The Dirac equation can be shown to be 
decoupled into purely radial and purely angular parts which agree with the equations obtained here. The agreement 
assures that the Clifford-algebra formalism is equivalent to my seminull pentad formalism. A paper based upon my 
previously unpublished notes is being written. 

Finally, the present work can be directly extended to the case of five-dimensional rotating black holes with a nonzero 
cosmological constant (Tsj . In another forthcoming paper, the present work has been generalized to the charged case 
of five-dimensional rotating black holes in minimal gauged and ungauged supergravity [13] with the inclusion of a 
Chern-Simons term. It is found there that the usual Dirac equation can not be separated by variables. To ensure 
the separability of fermion fields in this Einstein-Maxwell-Chern-Simons background geometry, one must include an 
additional term in the action of spin-1/2 fields. A paper on this aspect is in preparation. 

It is also an interesting question to investigate the separability of higher-spin field equations (for example. Maxwell's 
equation and Rarita-Schwinger's equation) in the five-dimensional Myers-Perry metric and its relation to a rank-three 
Killing- Yano tensor. 

Acknowledgments: The separation of variables for Dirac's equation in this paper is based upon a previously 
uncompleted draft written at the end of 2004 when the work was supported by a start grant from Central China 
Normal University. This work is currently supported by the Natural Science Foundation of China under Grant No. 
10675051. 
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Appendix A: Pentad and connection 1-forms 

The new form of the five-dimensional Myers-Perry metric ([8]) admits the following local Lorentz basis of 1-forms 
(pentad) defined as = e^^dx^^ orthonormal with respect to rjAB, 



-— [at — a sm 



b cos^ 6dip) , 



sin 9 cos ( 



[{b^ - a^)dt + (r^ + a^)ad(j) - (r^ + b^)bdip] 



— \ - abdt + (r^ + a^)b sin^ ed(\) + [r^ + b^)a cos^ Qd^\ . 
rp 



(Al) 



These coframe 1-forms are different from those used in [63|, |6J| . 

After some algebraic computations, I obtain the exterior differential of the coframe 1-forms as 



de^ 
de^ 
de^ 

de' 



{a? — 6^) sin 6* cos 6* ^ 



n 1 (a^ — 6^) sin 6* COS 6* n 9 2p\/^2 , , 



S3/2 



A e" , 



E3/2 

2{a'^ — b'^)r sin 9 COS 9 q ry^A^ i 



A -I- 



e^Ae^ + — 
L^/^ sm 



p / sm ( 
9 COS 9\ p 



sm f cos ( 



2a6 n 1 1 /Ar 1 2ab 9 (a'^ — 6'^) sin cos , 



A . 



(A2) 



The spin-connection 1-form = cj'^^da;'' = f\c^'^ found from the Cartan's first structure equation ([5]) 

as follows: 



(a — 6 )rsin6'cos( 



.3 „5 



S3/2 



P 



r-^p 



to 



(a^ — 6^) sin 6* cos 6* g pvA^ 3 

S372 ^ " ^575 

(a^ — 6^)rsin0cos6' py/K, 



S3/2p 



E3/2 



ab 1 

{a^ — b'^)sm9cos9 ^ r-y/A^ 2 



E3/2 



S3/2 



(a^ — 6^)rsin0cos6' q ry/A 



E3/2p 

afe Q 1 / Ar 5 
r'^p r V S 



" S3/2 

ab 



r 3 

e TTTT e . 



S3/2 



Bin 9 cos V 



smfcosf 



smy cosf V pVS 
(a^ — 6^) sinfl COS0 5 



rp- 

3 _ 
5 ~ 9 



(A3) 
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The local Lorentz frame component Ta can be easily read from the spinor connection 1-form T 
(l/4)7^7'^WAs as 



r2 




7V + 



[a? — b'^)rsa\9 cos 9 



-7 7 



£3/2 

ab n 5 



-7 7 
P\/Ar 2 3 



(a^ — 62)j,gin6'cos6' 03 ^^05 (a^ — fc^) sin6'cos6' ^ 2 



ab 



py/K^ 3 ?'vAr 1 2 I 

-T 7 - ^7 7 + 



,2 7^^ 



S3/2p 

p / sin U cos 



7"7^ + 



sm f cos ( 
ab 



/smt/coswx 2 3 
V Ae'^ ^ rp2 



S3/2 

ab 
rp 



7 7 



S3/2 



1 3 

-7 7 



2 7V 



n 1 1 /Ar 1 c ab ^ ^ (a2 — 52) sin 6* cos 6* 9 = 
—7%' - -\/ ^7^7' ^7'7' + ^ ^ 7V 



(A4) 



Appendix B: Plebanski-like form of the D — 5 Myers-Perry metric 



In some cases, it is more convenient to use p — \J a^ cos2 + &2 t^Yc? rather than 9 as the appropriate angle 
coordinate. In doing so, the five-dimensional Myers-Perry metric can be put in a symmetric manner as follows: 



dt- 



Ar 



(p2 — a'^)a 



(p2 - b^)b , 1 2 
-dip 



i^-b"^ 



-dr^ 



dt + 



(r2 + a'^)a 



(r2+52)6^ n2 

+ 2 U2 

a'^ — b^ J 



a6\2 
rp 



b^-a'^ 

, (r2+a2)(p2„^2) (^2^52)(p2_52) 2 

™ 77T^ dq) ptt; 



(62 - a2)a 



(a2 - 62);, 



where 

Ar = {r^ + a^){r^ + b^)/r^ - 2M , 
The following coordinate transformations: 

t = T + {a'^ + b^)u + a^b^v , 
sends the metric to a Plebanski-like form (441 



A, = -(p2-a2)(p2_62)/p2 



(/) = a(u -|- b^v) , ■(/; = 6(u 4- a^v) . 



(Bl) 



(B2) 



ds' 



2-/ 



^dr^ -f ^rfp^ -f ^(dr - r^du)^ + (— ) [dr + (p^ - r^)du - r^p^dw 



in which the role of angular momenta becomes less clear. 



(B3) 
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